We describe the general form of isometries between uniformly closed function algebras on locally compact Hausdorff spaces in a continuation of the study by Miura. We can actually obtain the form on the Shilov boundary, rather than just on the Choquet boundary. We also give an example showing that the form cannot be extended to the whole maximal ideal space.
Introduction
This paper is a continuation of the study of isometries between algebras of continuous functions [4] (cf. [1] [2] [3] 5] ). The second author described in [4] the structure of all real-linear isometries between uniformly closed function algebras on locally compact Hausdorff spaces. There, the function algebras are represented as functions defined on Choquet boundaries. If the underlying algebras contain identities, then the representations are extended to the whole maximal ideal spaces. Hence the underlying algebras are algebraically isomorphic to each other if they contain identities. This is not the case in general (cf. Example 3.2). In particular, uniformly closed function algebras need not be realalgebraically isomorphic to each other even if they are real-linearly isometric to each other. In this paper we give the form of real-linear isometries where the algebras are represented as functions defined on Shilov boundaries. We also consider algebras which possess (not necessarily bounded) approximate identities and show that the algebras are real-algebraically isomorphic to each other.
In this paper we say that A is a function algebra on a locally compact Hausdorff space X if A is a subalgebra of C 0 (X ), the algebra of all complex-valued continuous functions which vanish at infinity on X , such that for every pair of distinct points and in X there exists a function ∈ A such that 0 = ( ) = ( ). A uniform algebra on a compact Hausdorff space K is a uniformly closed function algebra A on K which contains the constant functions. The Choquet boundary of A is denoted by Ch A. The maximal ideal space of a commutative Banach algebra B is denoted by M B . For a complex-valued function on a set W and a subset V of W , we define * V
where · denotes complex conjugation. In this paper the unit circle { ∈ C : | | = 1} in the complex-plane C is denoted by T. The closed unit disk { ∈ C : | | ≤ 1} is denoted by D.
A form of real-algebra isomorphisms
While the representation via the Gelfand transform of complex isomorphism between semisimple commutative complex Banach algebras is well known, the authors were unable to find a description of the general form of surjective real-algebra isomorphisms between those algebras. So we give the one below. 
such that the Gelfand transform Γ(S( )) for ∈ A has the form
Then there is ∈ A with (S( )) = 0. Since S is multiplicative, 2 (S( )) = − 2 (S( )) holds, and hence (S( )) = (S( )) or (S( )) = − (S( )). Set
it is a closed and open subset of M B . This definition does not depend on the choice of the element . Indeed, let 1 2 ∈ A with (S( 1 )) = 0 and (S( 2 )) = 0. As S and are multiplicative we have (S ( 1 )) (S( 2 )) = (S ( 1 )) (S ( 2 )). Thus (S( 1 )) = (S ( 1 )) if and only if (S( 2 )) = (S ( 2 )). Therefore the set M B+ is a well defined possibly empty closed and open subset of M B . Then we see that (S(λ )) = λ (S( )) (resp. (S(λ )) = λ (S( ))) for every ∈ A and a complex number
Simple calculations show that Ψ( ) ∈ M A . Thus Ψ is a well-defined map from M B into M A . Taking the * M B+ -operation to both sides of (1) we obtain for each ∈ A
which is the desired form.
We assert Ψ is the desired homeomorphism from M B onto M A . Let ∈ M A and ∈ A with ( ) = 0. Define by 
for every ∈ A. We conclude that the net {Ψ( α )} converges to Ψ( ) since the Gelfand topology on M B is the weak topology induced by Γ(B). Hence Ψ is continuous. We see in a similar manner that Ψ −1 is continuous.
A form of real linear isometries
Miura proved the following. 
Theorem 3.1 ([4]).

Let A and B be uniformly closed function algebras on locally compact Hausdorff spaces X and Y respectively. Suppose that T is a surjective real-linear isometry from
Recall that a uniform algebra is a closed subalgebra of the algebra of all complex-valued continuous functions on a compact Hausdorff space which contains constants and separates the points of the compact Hausdorff space. If, in particular, X and Y are compact, and A and B are the uniform algebras on X and Y respectively in Theorem 3.1, then the real-linear isometry T from A onto B is a real-algebra isomorphism followed by the multiplication by a function of the unit modulus in B. Hence the homeomorphism may be extended to a homeomorphism between the maximal ideal spaces by Theorem 2.1 and the form (2) is lifted to a map on the maximal ideal space of B.
On the other hand, in the general situation in Theorem 3.1, need not be an element in B and A need not be real-algebra isomorphic to B. Furthermore the maximal ideal spaces of A and B need not be homeomorphic to each other. The next example shows that (2) cannot always be extended to a map on the maximal ideal space of B.
Example 3.2.
Let A(D) be the disk algebra on the closed unit disk D. Put A = We now prove one of the main results of this paper, which is that we can actually obtain the form (2) on the Shilov boundary, rather than just on the Choquet boundary.
Theorem 3.3.
Let A and B be uniformly closed function algebras on locally compact Hausdorff spaces X and Y respectively. Suppose that T is a surjective isometry from A onto B. Then there exists a continuous function : ∂B → T, a closed and open subset K of ∂B and a homeomorphism Φ : ∂B → ∂A, where ∂B (resp. ∂A) is the Shilov boundary for B (resp. A), such that for every ∈ A,
Proof. By a celebrated theorem of Mazur and Ulam, T is a real-linear map followed by adding T (0). Without loss of generality we may assume that T (0) = 0 and T is a surjective real-linear isometry.
Let be the continuous function from Ch B to Ch A provided by Theorem 3.1. We now show that can be extended to a continuous function on ∂B. Since Ch B is dense in ∂B it is sufficient to show that can be locally extended to a continuous function. Let ∈ ∂B. Then there exists ∈ A with T ( )( ) = 1. Applying (2), T 2 ( ) = T ( 2 ) on Ch B since | | = 1 on Ch B. Hence there exists a neighbourhood U of such that can be extended to a continuous function T ( 2 )/T 2 ( ). Note that the extension is unique since Ch B is dense in ∂B. As is an arbitrary element in ∂B, can be extended to a continuous function from ∂B into T. 
where Γ( · ) denotes the Gelfand transform.
We claim that Φ Ch B = . Let ∈ Ch B. Suppose that Φ( ) = ( ). Then there is 0 with 0 ( ( )) = 0 and As Example 3.2 shows the two algebras A and B need not be real-algebra isomorphic even if one of these has an identity. However the two algebras are real-algebra isomorphic to each other if both have approximate identities.
Corollary 3.4.
Suppose that A and B both have an approximate identity respectively. Then
defines a real-algebra isomorphism from A onto B.
